Introduction
The main motivation for this paper is the investigation [9] by Nowakowski and Rival, in which decomposition theorems for retracts of the Cartesian products of graphs are derived for strongly-triangulated and weakly-triangulated graphs as well as for graphs without four-cycles.
The Cartesian product is also considered in [1, 14] , where retracts of Hamming-graphs and of hypercubes are characterized. Varieties of graph with respect to graph retracts and the direct product of graphs were considered in [5, 8, 10, 12, 13] . A connection between n-chromatic absolute retracts and absolute reflexive retracts, using the direct product, is established in [12] .
All graphs considered in this paper will be finite or infinite undirected, A clique of a graph is a maximal complete subgraph. If K is a clique of the strong product G * H then it is easy to see that K = G * H where G and H are cliques of G and H, respectively.
The strong product G * H of graphs G and H is the graph with vertex set V (G) × V (H) and [(a, x), (b, y)] ∈ E(G * H) whenever [a, b] ∈ E(G) and x = y, or a = b and [x, y] ∈ E(H), or [a, b] ∈ E(G) and [x, y] ∈ E(H)
Analogously we define p H (S).
We call this retraction canonical. Not every retraction of G * G is of this form, as can be seen from Figure 1 , where the filled vertices induce a retract and a corresponding retraction is indicated with arrows.
In Section 3 we shall prove that every retraction is indeed canonical when both G and G are triangle-free and both factors of the retract have at least three vertices.
It is not true that every retract of G * G is of the form R * R , where R and R are retracts of G and G , respectively, if G and G are not triangle-free. A counterexample can be constructed as follows: Denote by H n , n ≥ 4, a graph which we get from a copy of the Mycielski graph G n and the complete graph show that there is a retraction from
Nevertheless, we assume that every retract of strong products of a large class of graphs are products of retracts of the factors. In particular, we conjecture that this is true for products of perfect graphs.
In Section 2 we show that every retract of a strong product is itself a strong product. This contrasts with the case of Cartesian products, in which there are plenty of retracts that are not products of their projections on the factors, see [9] .
In the last section we prove that a strong product of finitely many finite, triangle-free graphs is retract-rigid if and only if all factors are retract-rigid and rigid if and only if all factors are rigid and pairwise nonisomorphic.
2 Retracts of strong products are products
Proof. Nothing has to be proved if a = b or x = y. Suppose therefore that a = b and x = y. Clearly, the set of vertices
induces a complete graph in G * H. Due to symmetry it is enough to prove
be a retraction and suppose
Theorem 2.2 Let G and H be connected graphs and let R be a retract of
G * H. Then R = G * H ,
where G and H are subgraphs of G and H.
Proof. It suffices to show that (a, x), (b, y) ∈ V (R) implies that (a, y) ∈ V (R) and (b, x) ∈ V (R). We may suppose that the vertices (a, x), (b, x),
path in R and let |P | = n. Such paths always exist since R is an isometric subgraph.
We claim that (a , x ) ∈ V (R) for all a ∈ p G (P ), x ∈ p H (P ).
If n = 1, the claim is precisely Lemma 2.1. Suppose now that the claim is true for every pair of vertices in R of distance less than n . Let (a 1 , x 1 ) be the first vertex on P different from (a, x) and let P denote the (a 1 ,
Let (a, x ) be an arbitrary vertex with x ∈ p H (P ). As p H (P ) = p H (P ) ∪ {x} we may assume that x ∈ p H (P ). Then p H (P ) contains an y − x path, say P , and, by the induction hypothesis, all the vertices of {a 1 } * P are in
Otherwise, by Lemma 2.1, (a, x 1 ) ∈ V (R). By the induction hypothesis again, it is clear that every vertex of {a} * P belongs to V (R) and hence
Interchanging the roles of G and H we see
We further wish to show that G and H are isometric subgraphs of G and H, respectively. It suffices to prove this for the first factor. In order to do this we first observe that the layers {a} * H and G * {x} of any product We further note that a generalization of the isometric subgraph condition to "holes" (also called "gaps" in [8] ) was introduced by Nowakowski and
Rival in [8] , see also [5] . A hole of a graph G is a pair (K, δ), where K is a nonempty set of vertices of G and δ a function from K to nonnegative
is also a hole of G. Being an isometric subgraph is equivalent to having all 2-holes separated.
It follows from Bandelt's observation that every hole of G and H is separated in G, resp. H, which supports our conjecture that a retract of the strong product G * H of a large class of graphs is the strong product of retracts of G and H.
3 Triangle-free graphs Proof. Let G be a connected, triangle-free graph and H a connected graph.
We may suppose that both G and H are nontrivial. Let r :
be a retraction. By Theorem 2.2, R = G * H , and by the above H is isometric in H.
We first wish to show that both G and H are nontrivial. To see this,
we note that the cliques of G * H are the strong product of the cliques of G and H, respectively and consider maximum cliques C 1 of G and C 2 of H. 
Corollary 3.3 Let G = K n * H, where H is connected and triangle-free.

Then every retract R of G is of the form K n * H , where H is a retract of
H. for all a ∈ V (G ), where y ∈ V (H ). Set y = r H (x). Finally, for a ∈ V (G ) and x ∈ V (H ) set a = r G (a ) and x = r H (x ), respectively.
Theorem 3.4 Let G and H be connected, triangle-free graphs. Then R is a retract of G * H if and only if R = G * H , where G is a retract of G and H is a retract of H. Furthermore, if |V (G )| ≥ 3, |V (H )| ≥ 3 and if
We wish to show that r(a, x) = (r G (a), r H (x)). By the above we only have to consider the case when a ∈ V (G) − V (G ) and Lemma 4.2 Let G be a finite graph and let G be the strong product Note that triangle-free graphs are indecomposable. We also observe, that the decomposition of a finite, connected graph into the strong product of indecomposable factors is unique, i.e. the prime factorization with respect to the strong product is unique. This was shown by R. Mc Kenzie [7] , and independently by W. Dörfler and W. Imrich [2] .
We shall use the following corollary to Theorem 3.4. 
